INTRODUCTION
Uncertainties are abundant in civil engineering systems. For the sake of simplicity, geotechnical engineers have traditionally used approximate design approaches based on the concept of the safety factor. A reliability-based analysis is a more rigorous approach since it considers the uncertainty of each parameter via its probability distribution. Previous investigations on the reliability analysis of foundations focused on shallow strip footings subjected to a symmetric vertical load and considered either the ultimate (ULS) or the serviceability (SLS) limit state (Bauer and Pula 2000; Cherubini 2000; Low and Phoon 2002; Fenton and Griffiths 2003; Popescu et al. 2005; Soubra and Youssef Abdel Massih 2009) . In this paper, a reliability-based approach for the analysis of a shallow strip footing resting on a frictional and cohesive soil and subjected to an inclined (V, H) or an eccentric (V, M) loading is presented. The aim of the paper is to determine the reliability index at ULS due not only to the soil punching failure mode but also due to footing sliding or overturning which may occur due to the inclination or the eccentricity of the applied load respectively. The random variables considered in the analysis are the soil shear strength parameters c and φ. The Hasofer-Lind reliability index is adopted for the computation of the foundation reliability. The response surface methodology is used to find an approximation of the analytically-unknown performance function and the corresponding reliability index. The performance function makes use of the safety factor F s defined with respect to the soil shear strength parameters c and tanφ. This factor is equal to the ratio between the maximal shear stress and the mobilized one.
The structure of this paper is as follows: the first section introduces the basic concepts of reliability used in the paper. The second one presents the reliability analysis of a strip footing. The next section discusses the deterministic and reliabilitybased results. It is followed by a conclusion.
RELIABILITY THEORY
Two different measures are commonly used in literature to describe the reliability of a structure: The reliability index and the failure probability. The widely used reliability index is the one defined by Hasofer and Lind (1974) . Its matrix formulation is given by:
in which x is the vector representing the n random variables, μ is the vector of their mean values, C is their covariance matrix and F is the failure region. The minimization of equation (1) is subjected to the constraint ( ) 0 x G ≤ where the limit state surface ( ) 0 x G = separates the n-dimensional domain of random variables into two regions: A failure region F represented by ( ) 0 x G ≤ and a safe region given by
denotes the performance function. From the First Order Reliability Method (FORM) and the Hasofer-Lind reliability index HL β , one can approximate the failure probability P f as follows:
where ( ) . Φ is the cumulative distribution function (CDF) of a standard normal variable. Since the response of the model is obtained in the present paper by numerical simulations using FLAC 3D software, its closed-form solution is not available. Consequently, the performance function that makes use of this response is also unavailable. Thus, the determination of the reliability index is not straightforward. In this case, an algorithm based on the Response Surface Methodology (RSM) proposed by Tandjiria et al. (2000) and used later by Youssef Abdel Massih and Soubra (2008) is employed herein. It allows one to get the closedform solution of the model response Y(x) [and consequently the performance function G(x)] by approximation via iterations. This algorithm is simple in implementation and gives rapid convergence. It considers that the expression of the unknown system response may be approximated by the following second order polynomial:
where i x are the random variables, n is the number of the random variables and ( ) . This obtains a tentative response surface function; 3. Solve Eq. 1 subjected to the constraint that the tentative response surface function of step 2 is equal to zero. This obtains a tentative design point and a corresponding tentative reliability index HL β ; 4. Repeat steps 1 to 3 until convergence. Each time step 1 is repeated, the sampled points are centered at the new tentative design point of step 3.
RELIABILITY ANALYSIS OF A STRIP FOOTING
The aim of this paper is to perform a reliability analysis of a shallow strip footing resting on a c-φ soil and subjected to an inclined (V, H) or an eccentric (V, M) loading. After introducing the deterministic numerical model based on the finite difference code FLAC
3D
, we present the performance function used in the reliability analysis and the numerical implementation of RSM.
Deterministic numerical simulations
This section focuses on the determination of the deterministic limit loads of a perfectly rough rigid strip footing, of breadth B=2m, resting on a c-φ soil and subjected to an inclined or an eccentric loading. The three-dimensional finite difference code FLAC 3D based on a Lagrangian explicit calculation scheme and a mixed discretization zoning technique is used for the numerical simulations. Figure (1) illustrates the soil domain of width 20B and depth 5B considered in the analysis. The bottom and both vertical boundaries are far enough from the footing and they do not disturb the soil mass in motion (i.e. velocity field) for all the soil configurations studied in this paper. A symmetrical but non uniform mesh composed of 1820 zones is considered in the analysis. A conventional elastic-perfectly plastic model based on Mohr-Coulomb failure criterion is used to represent the soil. The illustrative values of the soil elastic properties used are the shear modulus G=100 MPa and the bulk modulus K=133 MPa (i.e E=240 MPa and υ=0.2). Also, the illustrative values of the soil shear strength parameters used in the analysis are: φ=30 o , ψ=(2/3)φ and c=20 kPa, where ψ is the soil dilation angle. The soil unit weight was taken equal to 18 kN/m 3 . In all the cases studied in this paper, the presence of water table is not considered. The strip footing of width equal to 2 m and depth 0.5 m is simulated by a weightless elastic material. It is divided horizontally into twenty zones. The footing elastic properties used are the Young's modulus E=25 GPa and the Poisson's ratio υ=0.4 which ensure the rigid behavior of the footing compared to that of the soil. The footing is connected to the soil via interface elements that follow Coulomb criterion. In order to simulate a perfectly rough soilfooting interface, the shear strength parameters considered for the interface are those of the soil. Note that no tension is considered at the soil footing interface. Normal stiffness K n =1 GPa/m and shear stiffness K s =1 GPa/m are assigned to this interface. It was found that these parameters do not have a major influence on the failure loads. The numerical simulation procedure used for the computation of each point of the (H, V) and (M, V) failure envelopes is presented in Youssef Abdel Massih and Soubra (2007) and not repeated herein.
Performance function and numerical implementation of RSM
The performance function adopted in the analysis makes use of the safety factor F s defined with respect to the soil shear strength parameters c and tanφ:
The procedure of calculating the system response F s for an inclined or an eccentric loading is based on the strength reduction method implemented into FLAC
3D
. It should be emphasized here that the safety factor F s is assumed to be similar not only for both c and tanφ of the soil, but also for those of the interface. This is not the case of Load and Resistance Factor Design (LRFD) where different partial safety factors are affected to the different parameters. Since the closed-form solution of F s is not available, RSM algorithm by Tandjiria et al. (2000) is used herein. Thus, equation (3) will be used to approximate the system response F s and consequently the performance function G. As described before, the determination of the Hasofer-Lind reliability index requires (i) the determination of the coefficients ( )
of the tentative response surface via the resolution of equation (3) for the 5 sampled points (since n=2) and (ii) the minimization of HL β subjected to the constraint that the tentative response surface function is equal to zero. These two operations constitute a single iteration and were done using the optimization toolbox available in Matlab 7.0 software. Several iterations were performed until convergence of HL β . Convergence is considered to be reached when a difference smaller than 0.01 between two successive reliability indexes is obtained. Since the determination of the performance function at the 5 sampled points was performed using FLAC 3D software, the results of these computations constitute input parameters for the determination of the coefficients ( )
of the tentative response surface using Matlab 7.0. The value of the design point determined by the minimization procedure in Matlab 7.0 is also an input parameter for the determination of the performance function at the new 5 sampled points in FLAC
. Therefore, an exchange of data between FLAC 3D and Matlab 7.0 was necessary to enable an automatic resolution of the iterative algorithm for the determination of the Hasofer-Lind reliability index. This was performed using text files and FISH commands of FLAC
. Note that FISH is a programming language embedded within FLAC 3D that enables the user to define new variables and functions. These functions may be used to extend FLAC 3D usefulness or add userdefined features.
NUMERICAL RESULTS
In this section, we will present the numerical deterministic and probabilistic results. For most soils, the mean value of the effective angle of internal friction is typically between 20 o and 40 o . Within this range, the corresponding coefficient of variation COV as proposed by Phoon and Kulhawy (1999) is essentially between 5% and 15%. For the effective cohesion, its COV varies between 10% and 70% (Cherubini 2000) . For the coefficient of correlation, the results of Wolff (1985) . For the probability distribution of the random variables, two cases are studied. In the first case referred to as normal variables, c and φ are considered as normal variables. In the second case referred to as non-normal variables, c is assumed to be log-normally distributed while ϕ is assumed to be bounded and a beta distribution is used (e.g. Fenton and Griffiths, 2003) . The parameters of the beta distribution are determined from the mean value and standard deviation of φ. For both cases, either negatively correlated (with ρ c,φ = -0.5) or uncorrelated shear strength parameters are considered. Notice that in all the probabilistic analyses performed in this paper, c, φ and ψ of the soil-footing interface are assumed equal to those of the soil. This means that they were indirectly considered as random variables having the same randomness as the corresponding soil parameters.
Inclined loading case
The deterministic results of an inclined loading case are presented in the form of an interaction diagram (H, V) (which corresponds to F s =1) using the mean values of the soil shear strength parameters c and φ ( figure (2) ). The sliding of the footing occurs for high load inclinations (i.e. for small values of the vertical load) and soil punching is developed for small values of the load inclination (i.e. for high values of the vertical load). Figure ( 3) presents the factor of safety versus the vertical load component V for the three different values of the horizontal load component H shown in figure (2) . The three curves exhibit a maximum. From the numerical results, it was observed that all the three maximums correspond to the same ratio H/V (i.e. to the same load inclination). In order to interpret this result, the factor of safety is plotted versus the load inclination (α) in figure (4). From this figure, one can observe that the factor of safety reaches its maximal value at the same load inclination (α=18.43 o in the present case) for the different values of H. This means that for a given soil and for a given horizontal load component, the maximal soil resistance expressed in terms of the safety factor is obtained at a given value of the vertical load component for which H/V=constant. This observation will be emphasized in the following paragraph when dealing with failure probabilities.
Figure (5) presents the effect of the vertical load V on the safety factor and the failure probability for the case of H=167.07 kN/m. The case of normal uncorrelated variables is considered. The factor of safety first increases with the increase of V to reach a maximal value. Then, it decreases with the increase of V. However, the probability of failure first decreases then increases with the increase of V. Thus, contrary to the safety factor, the curve of the failure probability exhibits a minimum. It can be easily seen that the minimal value of the failure probability and the maximal value of the safety factor correspond exactly to the same value of V for a prescribed H. These observations may be explained as follows: for small values of V, the sliding failure mode of the foundation is predominant. This leads to a high failure probability. As V increases, the effect of the sliding mode decreases and that of the punching mode increases. For the value of V for which the safety factor is maximal and the failure probability is minimal, the contribution of the two modes of failure to the failure probability is minimal. This is because neither modes of failure is predominant in this case. Finally, notice that a further increase in V will lead to a predomination of the punching mode with respect to the sliding one. This in turn leads to a significant increase in the failure probability. Concerning the cost of calculations, the computational time for the determination of the safety factor (i.e. each point of the curves shown in figure (3) ) was about 180 min. using an Intel 2.40 GHz PC. For the reliability analysis, it is important to mention that only two iterations (i.e. a total of 2x5=10 deterministic model runs) were found necessary to achieve the convergence of the reliability index. Thus, each computation of P f in figure (5) has required about 10x180=1800 minutes which is very important. Notice however that this type of analysis involving the use of the safety factor defined with respect to the soil shear strength parameters has a great advantage in reliability analysis since it is a simple and effective way for simultaneously exploring the two failure modes (soil punching and footing sliding) of ULS using a single simulation. Thus, one does not need to compute two reliability indices and to perform an approximate system reliability calculation.
Figure (6) presents the effect of (i) non-normality of the random variables and (ii) negative correlation between random variables, on the CDF of the safety factor for V=505kN/m and H=167.07kN/m. By varying the target value «A» of F s , one can determine the CDF of F s for a given soil variability as follows:
where F s is the safety factor calculated by FLAC
3D
; P f is the failure probability obtained by FORM approximation using the value of the reliability index for G=F s -A where A is the target value of F s . It has to be noticed that F s is equal to 1.26 for the mean values of the random variables. The CDF is presented in a logarithmic scale in order to provide with a good accuracy the values of the failure probability in the tail region of the CDF. These regions are very important in practice since they correspond to the small failure probabilities which are generally adopted in engineering design. One can notice that the negative correlation between the shear strength parameters decreases the failure probability. However, the non-normality of the random variables has a minor effect on P f .
Figure (7) presents the effect of COV c and COV φ on the CDF of the safety factor for V=505kN/m and H=167.07kN/m. Three cases are presented: i) COV c =20% and COV φ =10%, ii) COV c =40% and COV φ =10% and iii) COV c =20% and COV φ =15%. The case of non-normal and correlated variables is considered. One can observe that a small variation in COV φ highly affect the CDF of F s . Thus, the accurate determination of the uncertainties of the angle of internal friction ϕ is very important in obtaining reliable probabilistic results. 
Eccentric loading case
The results of the eccentric loading case are presented in the form of an interaction diagram (M, V) (which corresponds to F s =1) using the mean values of the shear strength parameters c and φ (figure (8)). For small values of the vertical load component V (i.e. high load eccentricities), overturning failure mode of the foundation occurs. This leads to separation between footing and soil. However, for high values of V (i.e. small load eccentricities), soil punching is developed. For intermediate V values, a transition from punching failure mode to the overturning failure mode occurs. Similarly to the case of the inclined load, the safety factor defined with respect to the soil shear strength parameters is adopted herein.
Figure (9) presents the variation of the safety factor F s with the vertical load V for the three loading cases shown in Figure (8 ) and corresponding to prescribed M values. For the different values of M, one can notice that the maximal safety factor corresponds to the same ratio of M/V (i.e. to the same load eccentricity). In order to interpret this result, the factor of safety is plotted versus the load eccentricity e in figure (10). From this figure, one can observe that the factor of safety reaches its maximal value at the same eccentricity (e=0.5 i.e. e/B=1/4 in the present case) for different values of M. This observation is similar to that found in the inclined load case and will be explained below.
Figure (11) presents the effect of the vertical load component V on the safety factor and the failure probability, for the case of M=324.05 kNm/m shown in figure (10). The case of normal uncorrelated variables is adopted in this figure. As in the inclined load case, it can be easily seen that the minimal value of the failure probability and the maximal value of the safety factor correspond exactly to the same value of V (for a prescribed M). This observation may be explained as follows: for small values of V, the overturning failure mode of the foundation is predominant. This leads to a high failure probability. As V increases, the effect of the overturning mode decreases and that of the punching mode increases. For the value of V for which the safety factor is maximal and the failure probability is minimal, the contribution of the two modes of failure to the failure probability is minimal. This is because neither modes of failure is predominant in this case. Beyond this particular value of V, an increase in V will lead to a predomination of the punching mode with respect to the overturning one and thus to a significant increase in the failure probability. Finally, it should be noted here that separation along the soil-footing interface has occurred for several values of the load eccentricities including the one corresponding to the minimal probability.
CONCLUSION
A reliability-based approach for the analysis of a shallow strip footing resting on a frictional and cohesive soil and subjected to an inclined or an eccentric loading was presented. The cohesion and the angle of internal friction were considered as random variables. The Hasofer-Lind reliability index was used for the computation of the footing reliability. The response surface methodology was employed for the assessment of the reliability index. The performance function adopted in the analysis made use of the safety factor defined with respect to the soil shear strength parameters c and tanφ. This safety factor was determined using the finite difference code FLAC
3D
. It was shown that for a given soil, there is a load inclination for which the two failure modes involved by the loading case are not predominant. For the load configurations corresponding to this load inclination, the safety factor is maximal and the failure probability is minimal with respect to all other load configurations having the same value of the horizontal load component H. Similar results were obtained in the case of an eccentric loading: there is an eccentricity for which the factor of safety is maximal and the failure probability is minimal with respect to all other load configurations having the same value of M. Finally, it was shown that the hypothesis of negative correlation between random variables increases the reliability of the footing and that the failure probability is very sensitive to the variation of the angle of internal friction compared to that of the cohesion.
